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ABSTRACT. For a complete lattice L, in which every element is a
join of completely join-irreducibles and a meet of completely meet-irreducibles
(we say L is a jm-lattice) we define the poset of irreducibles P(L) to be the
poset (of height one) J(L) W M(L) (J(L) is the set of completely join-irreduc-
ibles and M(L) is the set of completely meet-irreducibles) ordered as follows:
a< P(L) b if and only if a €J(L), b EM(L), and a « ;b. For a jm-lattice
L, the automorphism groups of L and P(L) are isomorphic, L can be re-
constructed from P(L), and the irreducible factorization of L can be gotten
from the components of P(L). In fact, we can give a simple characterization
of the center of a jm-lattice in terms of its separators (or unions of connected
components of P(L)). Thus P(L) extends many of the properties of the poset
of join-irreducibles of a finite distributive lattice to the class of all jm-lattices.

We characterize those posets of height 1 which are P(L) for some jm-
lattice L. We also characterize those posets of height 1 which are P(L) for a
completely distributive jm-lattice, as well as those posets which are P(L) for
some geometric lattice L.

More generally, if L is a complete lattice, many of the above arguments
apply if we use “join-spanning” and “meet-spanning” subsets of L, instead of
J(L) and M(L). If L is an arbitrary lattice, the same arguments apply to
“join-generating” and “meet-generating” subsets of L.

This paper concerns the problem of representing lattices by means of closure
operators on partially ordered sets of height 1. Every relation between two sets
R < X x Y induces a Galois connection between the power set-of X and the
power set of Y, and hence determines a lattice L(R) of closed sets (in X,
say). If L isa finite lattice,and X and Y are the sets of join- and meet-
irreducible elements of L, and R is the relation &, then L == L(R). This
idea extends trivially to complete infinite lattices in which every element is a
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join of completely join-irreducibles and a meet of completely meet-irreducibles
(which we have called jm-lattices). We call R the poset of irreducibles and de-
note it by P(L). More generally, if L is complete, the same arguments apply

if X and Y are “join-spanning” and “meet-spanning” subsets of L. If L is
an arbitrary lattice, the same arguments apply if X and Y are “join-generating”
and “meet-generating” subsets of L. If X and Y are invariant under all
automorphisms of L, then in all three cases the automorphism group of the
bipartite directed graph associated with R is isomorphic to the automorphism
group of L.

In this paper, we examine how properties of L can be described in terms
of properties of the relation R. The main object is to characterize those relations
which arise from certain kinds of lattices.

Not every relation comes from a lattice, and §1 concerns the problem of
describing those which do. We consider this problem for each of three possible
choices: L a jm-lattice, L a complete lattice, L an arbitrary lattice. Certain
of the results can be expressed conveniently in the language of topological spaces.

In §2, we characterize the relations arising from completely distributive
jm-lattices (which are isomorphic to lattices of order ideals of some partially
ordered set). In this case, the relation R provides an alternative to the well-
known “poset of join-irreducibles,” and shares many of its properties.

In §3, we do the same for geometric lattices. By applying this condition
and its dual, we obtain a characterization of complemented modular lattices of
finite length.

In §4, we show how the direct factorizations of a jm-lattice L can be
derived immediately from the poset of irreducibles of L. In particular, L is
directly irreducible if and only if P(L) is connected (as a graph). This leads to
an elementary description of the center of a lattice in terms of its separators (or
unions of connected components of P(L)).

Finally, in §5 we give a number of examples which illustrate the material
presented in the earlier sections.

The poset of join-irreducible elements P of a finite distributive lattice L
contains L in a coded form, since L can be reconstructed from P. Further-
more, the automorphism group of P is isomorphic to the automorphism group
of L, and the direct factorization of L can be gotten directly from the con-
nected components of P. However, P is naturally isomorphic to the poset of
meet-irreducible elements of L, i.e., the meet-irreducible elements do not con-
tain any information about L not already contained in P. Thus one might sus-
pect that in the nondistributive case one would need to include both the join-
irreducible and meet-irreducible elements of a lattice in any representation of it
which would have the same properties as the poset of join-irreducibles of a finite
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distributive lattice. The results in this paper show that such a representation can
be found, and that we only need to add the meet-irreducible elements to the
join-irreducible elements.

1. Basic results. Let X be a set; by |X| we shall denote the cardinality
of X and by 2X we shall denote the power set of X. Let n be a non-
negative integer; by n we shall mean the set {1,---,n}. Thus 0 =g&. Note
that 22 #2". Weuse W for disjoint union. We will usually write < for set
inclusion and < for proper set inclusion. If X is an object with some sort of
structure, by Aut(X) we shall mean the set of all automorphisms of X, ie.,
bijections which preserve the given structure. We shall use 0 (/) to denote the
least (greatest) element of a lattice L if it exists. As usual O (/) is the empty
join (meet).

DEFINITION 1. Let L be a lattice and X < L.

(a) We say that X join-spans (meet-spans) L if 0 ¢ X (I ¢ X) and for
every w €L there exists X,, <X such that w=sup X,, (w = inf X,,). Note
L join-spans (meet-spans) itself. We will use this X,, notation throughout.

(b) We say that X join-generates (meet-generates) L if for every wE€L
there exists a finite nonempty subset X,, of X such that w =supw w=
inf X,,). Note that L join-generates (meet-generates) itself. We will use this
X,, notation throughout. A

(c) If L is a jm-lattice, by J(L) (M(L)) we denote the set of all complete-
ly join-irreducible (completely meet-irreducible) elements of L. Clearly," J(L)
(M(L)) join-spans (meet-spans) L.

REMARK. We note that any lattice with no infinite chains is a jm-lattice.
More generally, any lattice such that it and its dual are both compactly generated
is a jm-lattice (see [3, p. 43, Theorem 6.1]).

DEFINITION 2. Let P be a poset. By a link in P, we mean a finite
sequence of elements of P, say a,,-**,a,,, such that,for i€m—1, ¢;<
a;,, O a;>a;,,. We introduce an equivalence relation of P. Let x,y €P;
we say that x ~y if there exists a link a,, -, a,, suchthat ¢, =x and
a,, =y. We define the components of P to be the equivalence classes of P
with respect to ~. A poset is connected if it has exactly one component.

DEFINITION 3. (a) By a bipartite digraph D, we mean a triple (X, Y, 4),
where X and Y aresets, XNY =g, and 4 <X x Y. A is called the set
of arcs. If S< X, by Ou(S) we mean {y € Y| there exists x €S such that
(x, Y) EA}. Similarly,if T<Y, by In(T) we mean {x € X| there exists
YyET suchthat (x,y) €A} If x €EX [y €Y] we write Ou(x) [In(»)]
instead of Ou({x}) [In({y P]. We will use the term bidigraph to stand for bi-
partite digraph.
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We will usually think of bidigraphs as being posets with the ordering w >
z iff wEY,z€X, and w € Ou(z). It is clear in view of Definition 2 what
we mean by components of D.

By an automorphism F of D we mean a bijection F: XUY —XUY,
such that F(X) = X, F(Y) =Y, and (x, y) €A iff (Fx, Fy) €EA.

(b) Let X join-generate the lattice L and Y meet-generate L. Pick
two disjoint sets X', Y' which have bijections i;: X — X' and i: Y —7Y'.
Then by the X, Y bidigraph, Qf(X, Y, L), of L we mean the bidigraph
(X', Y', A) where (x,y) €A if and only if i7'(x) €i3'(y). Clearly
Of(X, Y, L) is defined up to isomorphism. To avoid cumbersome notation we
will usually suppress i, and i,, and identify X' with X and Y’ with Y.

In all cases where we use this convention it will be clear how to rewrite the state-
ment in terms of X', Y’,i;, and i,. Note that in general the group of poset
automorphisms of Qf(X, Y, L) is not isomorphic to the group of bidigraph auto-
morphisms of Qf (X, Y, L).

(c) Let L be a complete lattice, X a join-spanning subset of L, and Y
a meet-spanning subset of L. By Q(X, Y, L) we mean the bidigraph (X*, Y*,
A) asin (b) above. We will adopt the same convention in this case concerning
X*,i,,etc. In this case, the group of poset automorphisms of Q(X, Y, L) is
isomorphic to the group of bidigraph automorphisms of Q(X, Y, L).

(@) If L is ajm-lattice, by the poset of irreducibles P(L) we mean
QU(), M(L), L).

(e) Any bidigraph (X, Y, 4) induces a Galois connection between 2%
and 2Y asfollows. If S<X, then S*<Y is defined as Y — Ou(S); while
if T<Y, Tt <X is defined as X —In(T). Note that S* and T' are the
sets associated with S and T by the usual polarities *defined on the relation
X xY—-A4 (see [1,p. 122]).

REMARK. Note that forall S <X, T<Y, Ou(S*") = Ou(S) and In(TT*)
= In(7). Further, note that forall S,, S, <X (forall T,, T, <Y)Ou(S*")
< O0u(SF") (In(7T]*) <In(T}*) iff SP <82t (T]* <TJ*), since Oulx) <
0ou(S) (In(y) < In(7)) iff x € S*t (y € T1#).

The next several theorems concern the problem of reconstructing L from
Of (X, Y, L). 1t can be shown L = {S*'|S < X is finite and nonempty }. The
same result holds if L is complete, but here S <X is any subset of X. We
shall however show that L = {Ou(S)|S < X is finite and nonempty }. The proofs
are essentially the same, but we prefer the second approach, since Ou(S) can be
calculated more easily than S*T. Recall that we are suppressing i, i, X', and
Y'.

We will use the convention that whenever we write P(L), Q(X, Y, L) or
Of (X, Y, L) the entity in question is defined, ie., X, Y and L are of the
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correct type. Thus if we write P(L), we mean to imply that L is a jm-lattice,
etc.

THEOREM 4. Let L be a lattice, X join-generate L, Y meet-generate
L, and Of(X, Y,L)=(X, Y, $).

(@) Let R; = {Ou(S)|S is a finite nonempty subset of X} The map
f: L—R; givenby f(a) =0u(X,)= Ou(X;‘T) is a poset isomorphism, where
X, is as in Definition 1. Thus R, is a lattice isomorphic to L. The join of
two elements in R is simply their union.

(b) Each element of Aut Qf(X, Y, L) (bidigraph automorphisms) extends
naturally to an element of Aut R;. More precisely, the map F: Aut Of(X, Y, L)
— Aut R; given by F(g)(Ou(S)) = g(0u(S)) = Ou(g(S)) is an injective group
homomorphism.

(c) The image of the map F above is the subgroup {fhf '|h € Aut L
such that h(X)=X and h(Y)=Y (where f isasin (a))}. Thus F isa
group isomorphism iff forall h € Aut L, (X) =X and h(Y)=Y.

Proor. Throughout the proof we will simply write Qf instead of
of(X, Y, L).

(a) Observe that forall e €L, X:T = {x € X|x <a}. In general, for
any finite nonempty S <X, S* = x € X|x < sup; S}, and hence sup;S
= supLS*'f. Thus a <b iff f(@) <f(b). Thus f is injective. Furthermore,
f is surjective since for any finite nonempty S <X, f(sup,S) = Ou(S #1) =
Ou(S). Clearly, if S, and S, are finite and nonempty subsets of X, then so
is §; US, and Ou(S;) U Ou(S,) = Ou(S; U S,). Thus the join of two ele-
ments in R, is their union.

(b) Since g commutes with Ou and In, it commutes with * and T
and F(g): R, — R, and F(g) isisotone. F(g) has an isotone inverse
F(g™"), and hence F(g) € Aut R L. F is clearly a group homomorphism.

Suppose F(g) = F(h). Then, for each x € X, Ou(g(x)) = Ou(h(x)). But
g(x) = inf; {g(x) }* = inf; {h(x)}* = h(x). Thus g=h on X. Foreach y €
Y, g(») =sup, {g(») ¥ = sup,e({y }) = sup h({y ) = sup, ((») }} =
h(y). Thus g=h and F is injective.

(c) Let h' =F(g) for g€ Aut Of and h = f~'n'f € Aut L. Hence,
K=~ I x €X, h(x)=f""hf(x) = f'H'(Oux)) = ' (Ou(e(x))) =
g(x) EX. Thus A(X) = g(X) = X. Similarly, for y €Y, h(y) =f"W'f(y) =
' ©Ou{y YY) = r~1(Ou{g(») }) = g(»). Thus h(Y) =g(¥) =Y.

Let h € Aut L and suppose that A(X) =X and A(Y) =Y. In view of
our identification convention, # € Aut Qf. It is straightforward to verify that
F(r) = frf~1.

REMARK. If we were to rewrite Theorem 4 in terms of the closure operator
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on X (say), then part (a) would read “the map f: L — {S*T|S < X is finite
and nonempty } given by f(@) =X :T is a lattice isomorphism carrying meets
into intersections”. In part (b), the map F should be given by F(g)(S*!) =
2(S*t) = g(S)**. Everything else remains the same.

With very minor modifications, Theorem 4 states the properties of Q(X, Y, L)
(P(L)) for a complete lattice (jm-lattice) L. We shall merely state the theorems
and omit the proofs, since they are almost identical to the proof of Theorem 4.
For a complete lattice L, a join- (meet-) generating subset is a join- (meet-)
spanning subset, while the converse is false. In fact, by removing 0 from any
join-generating set we get a proper subset which join-spans L. For any jm-attice
L any join- (meet-) spanning subset must contain J(L) (M(L)). Thus for jm-
lattices (especially finite lattices) P(L) consists of “fewer” (<) elements than
O, Y, L) and Qf(X, Y, L) (for all appropriate X and Y). Note that if
L is a jm-lattice and h € Aut L, then A(J(L)) =J(L) and hR(M(L)) = M(L).

THEOREM 5. Let L be a complete lattice, X a join-spanning subset of
L, Y a meet-spanning subset of L, and Q(X, Y, L) = (X, Y, %).

(@ Let T, = {Ou(S)IS < X)}. Then T, isa complete lattice (join being
union) and the map f: L — T, given by f(a) = Ou(X,) = Ou(X, :T) isa
lattice isomorphism.

(b) The map F: Aut Q(X, Y, L) — AutI'; given by F(g)(Ou(S)) =
g(0u(S)) = Ou(g(S)) is an injective group homomorphism.

(c) The image of the map F above is the subgroup {fhf “llheAut L
such that h(X) =X and W(Y) =Y} Thus F is a group isomorphism iff for
all h€EAut L, h(X) =X and W(Y) =Y.

THEOREM 6. Let L be a jm-lattice and P(L) = (J(L), M(L), %).

(@) Let Ty = {Ou(S)IS< X} Then T is a complete lattice (join being
union) and the map f: L — T, given by f(a) = Ou(X,) = Ou(X*") isa
lattice isomorphism,

(b) The map F: Aut P(L)— Aut I'; given by F(g)Ou(s)) = g(Ou(S))
= Ou(g(S)) is a group isomorphism.

The rest of this section is devoted to characterizing those bidigraphs which
are P(L), Q(X, Y, L) or Qf(X, Y, L) for appropriate L, X, and Y. If L
is the trivial one element lattice we allow P(L) and Q(X, Y, L) to be @. The
next theorem shows that any bidigraph gives rise to a complete lattice and de-
scribes a natural join-spanning set and a natural meet-spanning set.

THEOREM 7. Let D = (X, Y, A) be a bidigraph, f: X — 2¥ be given

by f(x)=Ou(x), g2 Y — 2Y begiven by g(y) = Ou({y ¥), and Lp =
{Ou(S)|S < X}. (When we write Ou: X — 2Y, we mean the restriction of Ou
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to the subset of 2X consisting of all singleton sets which for simplicity we
identify with X. We treat In similarly.) Then:

(@) Lp is a complete lattice;

(b) f(x) - {2} join-spans Lp and g(Y)— {Ou(X)} meet-spans Lp;

(c) there exists an injective bidigraph homomorphism \ from
QLp, f(X) - {2}, g(Y) - {Ou(X)}) into D;

(d) D=Q4,, A,, L) iff X is an isomorphism. Equivalently, D =
Q(4,, A, L) iff Ou: X — 2Y s injective, Ou(x) #& foral x €X, In:

Y — 2X s injective, and In(y) #& forall y €Y.

PrROOF. (a) Clearly L is closed under arbitrary union and has a least
element @= Ou(z). Hence it is a complete lattice.

(b) Clearly, f(X)— {2} join-spans Lp. Let S <X. We claim that
Ou(S) = infy, ,(g(S*) = {Ou(X)}). If Ou(S) = Ou(X), this is clearly true. If
Ou(S) < Ou(X), Ou(X) ¢ g(S*). Thus we claim that Ou(S) = infy, g(S*). We
know that Ou(S) = Ou(S**) and it is easy to see that Ou(S*) = infy  £(S*).

© Let A2 Q(Lp, f(X) - {2}, &(Y) — {Ou(X)}) = Q — D be such that,
for a €f(x), Ma) Ef'(a) and, for b €g(Y), Nb) €Eg~ (). Clearly, \ is
injective. A is a bidigraph homomorphism since

b Za iff Q@) # f (@) iff Ou(X ~In(A(b))
D

#0u(\@) iff Ma) ¢ X -In(A®)) iff A(®) € Oup(\a)).

(d) If A is an isomorphism, then clearly D= Q. If D =Q(4,, 4,, L),
then Ou: X — 2Y is injective (thus so is f), In: ¥ — 2% is injective (thus
sois g), Ou(x) # & for all x €X (thus FE f(x)), and In(y) # & for all
Y E€Y (thus Ou(X) ¢g(Y)). Thus f(X) - {@}=f(X) and g(¥)- {Ou(X)}
=g(Y), and since both f and g are injective it follows that A is surjective,
and hence an isomorphism.

It is sometimes convenient to employ topological language to describe par-
tially ordered sets. Thus all partial orders on a set correspond naturally in a 1-1
fashion with all T -topologies on the same set (see [1, p. 117]). Similarly, all
quasi-orders on a set correspond in a 1-1 fashion with all topologies on the same
set. We now reformulate Theorem 7(d) in topological terms.

COROLLARY 8. Let D = (X, Y, A) be a bidigraph. The following are
equivalent:

(@ D=Q(L, A4,, 4,).

(b) {Ou(x)}.cx isa subbase of a Ty-topology on Y, Ou(x) #& for
adl y€Y, and In: Y — 2% s injective.

() {In(») hey isa subbase of a T-topology on X, In(y) #% for all
y€E€Y, and Ini Y — 2X s injective.
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PrROOF. We will only show that (a) — (b). The rest of the proof is sim-
ilar. From Theorem 7 it follows that we need only show that U, <, Ou(x) =Y,
and that, for all y,,y, €Y, y, #y,, there exists x €X such that either
¥, €Ou(x) and y, & Ou(x), or y, ¢ Ou(x) and y, € Ou(x). |J ,cxOulx)
=Y follows from the fact that In(y) #& for all y € Y. Furthermore, if there
existed y,, v, €Y, y, #y,, such that y, € Ou(x) iff y, € Ou(x) for all
x €X, it would follow that In(y,) = In(y,), contradicting Theorem 7.

REMARK. If L and L' are dual lattices, then it is clear that Q(4,, 4,, L)
is anti-isomorphic to Q(4), 43, L) for appropriate A4,, A}, A,, A;. In par-
ticular if L is a jm-lattice, L is self-dual iff P(L) is self-dual. Conversely, if
L and L' are complete lattices and g: Q(4,, 4,, L) (= Q) — Q(4}, 43, L")
(= Q) is an antidsomorphism, then the map f,: L, — Ly, given by
f(0u(a)) = Ou(g(A)) forall A< A, is an anti-isomorphism of lattices.

We now derive a characterization of those bidigraphs which are isomorphic
to P(L) for some complete jm-lattice L.

THEOREM 9. Let D = (X, Y, A) be a bidigraph. Then the following are
equivalent:

(a) D = P(L) for some complete jm-lattice L.

(b) Forall x €X, if A<X issuch that Ou(x) = Ou(4), then x € A.
Similarly, forall y €Y, if T <Y issuch that In(y) = In(T), then y ET.

Proor. If D = P(L), then Ou(x) is completely join-irreducible in Lp
where join is union. Hence if Ou(x) = Ou(A), then x € A. Let L' be the dual
of L, and hence a jm-attice. Thusif In(y) =In(T), y €T.

If (b) is true, Ou(x) #& for all x €X since Ou(g) =F but x ¢d.
Further, Ou: X — 2Y is injective. Similarly, In(y) #& forall y €Y and
In: Y — 2% isinjective. Hence, by Theorem 7, D = Q(4,, 4,, L) fora
complete lattice L. But (b) implies that A, consists exactly of the completely
join-irreducible elements of L, while A4, consists exactly of the completely
meet-irreducible elements. Thus D = P(L).

The following theorem characterizes Qf (X, Y, L). Since the proof is
quite similar to the proof of Theorem 7 (one needs to be careful about the finite-
ness of certain sets) we will omit it.

THEOREM 10. Let D = (X, Y, A) be a bidigraph. The following are
equivalent:
() D=Qf(4,, A,, L).
(i) (@) Ou: X —2Y is injective.
®) In: Y —2Y s injective.
(c) If S <X is finite and nonempty, there exists a finite nonempty
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T<Y such that In(T) = In(S*).

@) If T<Y is finite and nonempty, then there exists a finite non-
empty S <X, such that Ou(S) = Ou(Tt). (Note that if D is finite, then (c)
and (d) imply that @€ Image Ou N Image In, where Ou and In are restricted
to finite nonempty sets.)

2. Completely distributive jm-lattices. In this section, we characterize those
bidigraphs which are P(L) for some completely distributive jm-lattice L. We
begin by observing that, if P is a poset, then D(P) (the set of all order ideals)
is a completely distributive jm-lattice, where J(D(P)) = {/,|x €P}({, =
{y €Ply<x)) and MDP) = M, |x EP}M, = {y €EPly #x)). Further-
more, f: J(D(P)) — M(D(P)) given by f(J,) =M, is a poset isomorphism.
Conversely, if L is a completely distributive jm-lattice, let f: L — D(J(L))
be given by f(x) =J,. It is easy to see that f is an isomorphism of lattices.
To show that f is an isomorphism, we only need assume that L is a complete
lattice such that every element is a join of completely join-irreducibles and in which
a A (sup,,caW) = sup,,cp(@Aw) forall a€L and A<L.

THEOREM 11. Let L be a jm-lattice and P(L) = (J(L), M(L), €). Then
the following are equivalent:

(a) L = D(R) for some poset R.

(b) Forall y €M(L), y € Ou((M(L) ~ Nycn(yyOuGN!) = 4¢(T-

PrOOF. (a) — (b). For simplicity identify L with D(R). Let y, €
M(L) and x, €J(L) be such that xo = f~!( yo), where f is the map described
in the paragraph preceding this theorem. Clearly, T, = Ou(S), where S =
{w €JL)I0uW) C Nyein(yy)Ou®) ). Let r, €R" be such that Xo=Jpo €
JOR)) and y, =M, € M(D(R)). Let x €In(y,); then x =J,. Smce
x £y, it follows that r=rg, ie., x >x,. Thus Ou(x)> Ou(x,), whence
Xo ES. But y, € Ou(xy) < Ou(S) = Ty,,.

(b) — (). Let R =J(L). Let h: L — D(R) be given by h(a) =
{p €ERIp <a}. Clearly, a <b iff h(a) <h(b), and hence h is injective.

For each q € M(L), let u, € M(L) = N eyn(yyOu(x)) be such that
q € Ou(uy). Then Ou(u,) <T, <Ou(y,), ie., T, = Ou(u,). Sucha u, is
unique by Theorem 9.

Let ¢: M(L)— J(L) be given by ¢(q) = u,. Clearly, ¢ is injective.
Furthermore, since, for each ¢ € M(L), q € T, it follows that for each x €
J(L), Ou(x) = UQEOu(x)Tq = Ou({u,lq € Ou(x)}). Hence, by Theorem 9,

x =u, forsome g € Ou(s). Hence ¢ is surjective.

Finally, let w € D(R). Then clearly A(sup W) > W. Suppose ¢ € h(sup W).

Let g =¢"'(f),q #1t, andhence q #sup W. Let w E W be such that q €
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Ou(w). But Ou(r) = Ou((Y - nxe,n(q)Ou(x))'r) < Ou(w), since w € In(q).
But Ou() < Ou(w) implies that ¢+ € W. Thus h(sup W) = W, h is surjective
and hence an isomorphism.

3. Geometric lattices. A geometric lattice is a semimodular point lattice of
finite length. In this section we characterize geometric lattices in terms of their
posets of irreducibles. Although we use the same terminology used by other
authors (e.g. Crapo and Rota [2]) our characterization is different. As opposed
to the usual arguments, we allow our circuits to be infinite, and use induction on
height instead of size. The circuits correspond to sets of the form In(y), as
opposed to minimal dependent sets (see [2, Chapter 4]). We use the following
definition.

DEFINITION 12. A matroid consists of a set Y together with a family
{Cy Yaca of nonempty subsets of Y, called circuits, such that:

(a) no proper subset of a circuit is a circuit;

o) if yEC N Cg> then C, U Cy— {»} contains a circuit (a # P).

THEOREM 13. Let L be a jm-lattice, and P(L) = (J(L), M(L), ). Then
the following are equivalent:

(@) L is a geometric lattice.

(b) J(L) together with {In(y)ly € M(L)} forms a matroid and L is of
finite length, i.e., there exists an integer k =0 such thatif T) <T, <T3 <
s+ s a sequence of subsets of M(L) for which In(T,) <In(T,)<---, then
both sequences are finite and contain no more than k elements.

(¢) Ou(x,) % Ou(x,) forall x;,x, €EJ(L),x, ¥x, (L is a point lattice).
Forall S<J(L), if x,,x, €J(L) are such that Ou(S) <Ou(S UV {x; ) <
Ou(S U {x,}), then Ou@S U {x; D =0u(S U {x, ). (L satisfies the Steinitz-
MacLane exchange axiom.) L is of finite length, i.e., there exists an integer k =
O such thatif S, <S, <83 <--+ isasequence of subsets of J(L) for
which Ou(S,) <Ou(S,) <---, then both sequences are finite and contain no
more than k elements.

ProoF. That (a) implies (b) follows in a straightforward manner from the
standard material on geometric lattices (see [1, Chapter IV]). Using the same
material one can easily see that (a) and (c) are equivalent. We now prove that
(b) implies (a).

Clearly, all the elements of M(L) are copoints. We now prove the follow-
ing fact: If p, g EM(L),r,s €J(L) are such that r €EIn(p) N In(g) and s €
In(g) — In(p), then there exists ¢ € M(L) such that s € In(¢¥) < In(p) U In(g)
— {r}. The proof we will give of this fact uses some ideas of a proof presented by
Curtis Greene at the Advanced Science Seminar in Combinatorial Theory at Bowdoin
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College (Summer 1971). However, in our case we do not assume that In(p) is
necessarily finite.

The proof is by induction on the length of the maximal chain from p A ¢
to I We start the induction with d(p A q, I) = 2 (where d(a, b) = length of
longest chain between a and b), since d(p A q, ) > 1. Since J(L) together
with {In(»)ly €M(L)} form a matroid we know that there exists ¢ € M(L)
such that In(¢) < In(p) U In(g) — {r}. We claim that s € In(¢). First we show
that t=p A q If NEJ(L) issuch that A<pA g, then A & In(p) and
A ¢ In(q) and hence A € In(¢). Thus ¢ > A. But since L is of finite length,
PAg=sup{A EJL)N<pA q}, and thus £t >pA q, since ¢ is a copoint.
If s¢In(Y) then t>s, and hence t=>sV(p A q). But s & In(p), ie., p=>
s and g #s. Thus p=sv(pAq)>pAgq. But dlpA q,I] =2 implies
that sV( A g@)=p and hence that ¢ > p, which is impossible since they are
both copoints. Thus s € In(z).

Assume the statement is true for d[p A q, I] =m = 2 and suppose
d[p Aq, I} =m + 1. Using the property of being a matroid we see that there
exists ¢, € M(L) such that In(z,) <In(p) U In(g) — {r}. If s €In(z,), we
are done. Suppose s € In(¢,); then pA t;, >p A gq, since t;, 2p A q (as
above), pA t; 2>s and p Aq #s. Thus d[p At,, I] <m. Note that r €
In(p) — In(¢,). Since In(t,) & In(g), there exists y € In(¢) N In(p) — In(q).
Now by the induction hypothesis, there exists ¢, € M(L) such that r € In(z,)
<In(p) VU In(t,) — {7 }. Note that s & In(t,) (since s & In(p) and s € In(z,)
by assumption). Furthermore, g\ t, >q A p since t, =ZpAt; >pAq,
Yy<qAt, and y¥qA p. Thus d[q At,, I] <m, and by the induction
hypothesis there exists ¢; € M(L) such that s € In(z;) <In(q) U In(t,) — {r}
< In(g) V In(p) — {r}, and the claim is proven.

We now show that all the elements of J(L) are points. If this were false,
there would exist a, b € J(L) such that a <b, ie., Ou(@) <Ou(b). Let q €
Ou(z) and p € Ou(b) — Ou(a). Then b € In(p) N In(g) and a € In(q) — In(p).
Hence by what we just proved there exists ¢z € M(L) such that a € In(?) < In(p)
U In(g) - {»}. But this is a contradiction, since ¢ € Ou(g) < Ou(b) and b €
In(#). Thus L is a point lattice.

Our next step is to show that for all r €J(L) (recall r is a point), r £ a
implies that » V @ covers a for any a € L. Suppose r £a, but r Va does
not cover a for some a €L. Let b besuchthat rVa>b>a, and b
covers a. Then for some s €J(L), b =s V a. There exist p, ¢ € M(L) such
that p=>s Va, p#r, g=a, q¥*r, q#s Thus rE€In(g) NIn(p) and
s € In(g) — In(p). By what we proved above there exists ¢ € M(L) such that
s€In(®) <In(p) ViIn(g) - {r}, ie., t#s t=r, and t=2p A qg=a But
this means that ¢ =>r V a =5, contradicting the fact that ¢ *s. Hence rVva
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covers a forall a €L such that r €a.

We now show that for any x, y €L, if x covers x A y, then xV y
covers y. Let r €J(L) be such that x =rv(x A y). Then r Ly since x &
y. But xVy=rV(xAy)vy=rvy, whichcovers y. Thus L is (upper)
semimodular by Corollary 1 of [1, p. 81].

REMARK. Curtis Greene suggested Theorem 13 and implied thatitisa
known result. However, the author has not been able to find any references to
it.

4. Factorization of complete lattices. Some of the following can be general-
ized to arbitrary lattices with universal bounds using a combination of spanning
sets and generating sets. Since the results for complete lattices convey the basic
idea and are more elegant, we will concentrate exclusively on complete lattices
in this section.

THEOREM 14. Let L be a complete lattice. Then L =Tl ,c N, (N,

a complete lattice of course) iff there exist A, A, <L such that A, join-
spans L, A, meetspans L, Q(A,, A,, L) = JocaKqr where, forall a €4,
bEK,NA, and b €EO0u(@) =a €K, (K, isthe union of connected com-
ponents), and there exist {Ayy Yocar {Aaz Jaca Such that forall a €A, A,
join-spans N,, A, meet-spans N, and QWN,, Ayy, Agr) =K.

PROOF. Necessity. L is complete, so 0, J € L and consequently there
exist 0, JEN, forall a €A. Let {4, },ea and {4,;},cn be such that
A,, joinspans N, and A,, meet-spans N, forall a €A, and let A3, =
{x €EMpepNglx; =0,8#a and x, €A4,,}. Define A7, similarly, but re-
place 0 by I We will identify L with the product of the Ngs for simplicity.
It is easy to see that 4, = U,cp4%, joinspans L and 4, = U,ca42,
meet-spans L, and that b €A4,,a €A,, b € Ou(a) = there exists o, €A
such that b €4, and a € A3,1- From this it follows that Q(4,, 4,, L)
= JocaKe With Ko = A%, UAS, and K, = 0y, Aajs No)-

Sufficiency. Let T'; be as in Theorem 6, S, =K, NA4,, and N, =
r,n 25« forall & € A. Since I, and 25¢ are complete lattices where join
corresponds with union, so is N,,.

Consider the map ¢: T’ — Il csN, defined so that the ath component
of ¢(S) is SNS, for a €4, ie., ¢S)=(SNS,)a€A. Weclaim that ¢
is well defined. Let Ag <A, be such that S = Ou(Ag). Let W, =AgNK,
for ¢ € A. Since K, is the union of connected components, Ou(W,) =S8N
S, €N,. Thus ¢ is well defined. ¢ and ¢! are clearly isotone in both
directions and since, for all S €Ty, S = U,ca(S N S,), it follows that ¢ is
injective.
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Since TI'; is complete, with sup being union, it is easy to see that ¢ is also
surjective, and hence a lattice isomorphism. Since L =T, the theorem follows.

REMARK. From Corollary 1 of [1, p. 68] it follows that if a complete lat-
tice has an irreducible factorization then this factorization is unique. The following
theorem shows that every jm-lattice has an irreducible representation and shows
how to obtain it from P(L).

THEOREM 15. Let L be a jm-lattice.
(a) L is decomposable iff P(L) is not connected.
(b) The irreducible factors of L correspond to the connected components

of P(L).

Proor. (a) If P(L) is not connected, it follows from Theorem 14 that
L is decomposable. Conversely, if L is decomposable it follows from Theorem
14 that there exist a join-spanning subset 4; of L and a meet-spanning subset
A, of L suchthat Q(4,, A,, L) is not connected. Suppose that P(L) is
connected; then P(L) lies in one component of Q(4,, 4,, L), call it K. Now
either 4, ~K#& or A, ~K#g (actually from Theorem 7 it follows that
both sets are nonempty). Suppose a €4, —K # &. Then Ou(@) "M(L) =4,
but this means that ¢ <b for all b EM(L), ie., a=0. But 0 ¢ A4,, by
definition of join-spanning subset (the case 4, —K #¢& is dual). This contradic-
tion shows that P(L) cannot be connected.

(b) Let the components of P(L) be {K,},ca- Applying Theorem 14 we
see that L is a product of the lattices corresponding to the K,’s. Furthermore,
from the first part of the proof we see that each of the factors is indecomposable
since each K, is connected. Thus we have gotten the unique irreducible factor-
ization of L.

DEFINITION 16. (a) The center of a complete lattice L is the set of ele-
ments of L which have one component I and the other 0, under some two
factor direct factorization of L.

(b) An element x € L, a jm-attice, is a separator of L if forall p €
J(L),q EM(L) with p £q, either p <x or x <gq.

ReMARK. Crapo and Rota [2, Corollary 1 on p. 12.11] prove that an ele-
ment x of a relatively complemented lattice with no infinite chains L isin the
center of L iff x is a separator of L. The following corollary of Theorem 15
shows that this is true for any jm-lattice. In particular, it is true for all lattices
with no infinite chains.

COROLLARY 17. Let L be a jm-lattice and x € L. Then x € C(L) (the
center of L) iff x is a separator of L.

PROOF. It is clear from Theorem 15 that x € C(L) iff B, N K, =g or
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B, NK,=J(L)NK, (where B, = {a €J(L)la<x}) for each component K,
of AL) (@€ A). If p£q (pEJL),q EM(L)) then p,q €EK,, for some
oy €A. If B, NKyy =9, x<q, whereasif B, NK, #¢&, p €B,, ie,
D <X

REMARK. Reasoning as in Corollary 17, it is easy to see that for jm-lattice
C(L) = 2%, where X is the set of components of P(L).

5. Examples.
ExaMPLE 1. Let L be the lattice corresponding to the following Hasse
diagram:

Then P(L) is the following graph:

¢c b a d
a b ¢

Thus |Aut(P(L))| =2 = |Aut(L)l and L is indecomposable.

Finally, observe that T, =T, =T, =@ and T, = {a, b, d}. Thus, by
Theorem 11, L is not distributive, which of course is no surprise in this case.
Furthermore, Y = {a, b, ¢, d} together with {In(»)|y € Y} is not a matroid
since In(d) < In(z). Hence, by Theorem 13, L is not a geometric lattice.

ExAMPLE 2. Let L be represented by the following diagram.

I

dg c
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Then P(L) is represented by the following diagram.
c d a

a b c

P(L) has two components, so that P(L) has two indecomposable factors cor-
responding to the diagram:

o {c} o {a,d}

, {a}

and

0O

o ¢ J)«#

Note |Aut(P(L))l =1 = |Aut(L)|. Observe that T, = {a}, T, = {c}, and
T; = {a, d}. Thus, by Theorem 11, L is distributive. By Theorem 13, we see
that L is not geometric, since In(d) < In(a).

ExaMPLE 3. Let L be represented by the following diagram.

a b c

Then P(L) can be represented as

c b a

Thus L is indecomposable and |Aut(P(L))l = 6 = |Aut(L)|. Further, note
that T, =T, =T, =g, and hence L is not distributive by Theorem 11. The
pairs (M(L), {In(»)ly €M(L)}) and (J(L), {Ou(x)Ix EJ(L)}) are clearly
matroids and thus it follows from Theorem 13 that L is a complemented modu-
lar lattice.

REMARK. Additional examples and applications of P(L) can be found in
[4] and [5]. The author would like to acknowledge many interesting discussions
with Professors Garrett Birkhoff and Curtis Greene, as well as the many helpful
suggestions they made. The author is also grateful to the referee for the time he
devoted to increasing the clarity of this paper.
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